Interaktivni apleti iz kvantne mehanike - 1D i 2D
beskonacna pravokutna potencijalna jama

Nad, Viktorija

Undergraduate thesis / Zavrsni rad
2020

Degree Grantor / Ustanova koja je dodijelila akademski / strucni stupanj: Josip Juraj
Strossmayer University of Osijek, Department of Physics / SveuciliSte Josipa Jurja
Strossmayera u Osijeku, Odjel za fiziku

Permanent link / Trajna poveznica: https://urn.nsk.hr/urn:nbn:hr:160:423275

Rights / Prava: In copyright /Zasti¢eno autorskim pravom.

Download date / Datum preuzimanja: 2024-04-26

O

o Repository / Repozitorij:

Repository of Department of Physics in Osijek

zir.nsk.hr

DIGITALNI AKADEMSKI ARHIVI I REPOZITORLII



https://urn.nsk.hr/urn:nbn:hr:160:423275
http://rightsstatements.org/vocab/InC/1.0/
http://rightsstatements.org/vocab/InC/1.0/
https://repozitorij.fizika.unios.hr
https://zir.nsk.hr/islandora/object/fizos:120
https://repozitorij.unios.hr/islandora/object/fizos:120
https://dabar.srce.hr/islandora/object/fizos:120

SVEUCILISTE JOSIPA JURJA STROSSMAYERA U OSIJEKU
ODJEL ZA FIZIKU

=5

VIKTORIJA NAD

INTERAKTIVNI APLETI IZ KVANTNE MEHANIKE-
1D 12D BESKONACNA PRAVOKUTNA
POTENCIJALNA JAMA

Zavrs$ni rad

Osijek, 2020.



SVEUCILISTE JOSIPA JURJA STROSSMAYERA U OSIJEKU
ODJEL ZA FIZIKU

=5

VIKTORIJA NAD

INTERAKTIVNI APLETI IZ KVANTNE MEHANIKE-
1D 12D BESKONACNA PRAVOKUTNA
POTENCIJALNA JAMA

Zavrs$ni rad

Predlozen Odjelu za fiziku Sveucilista Josipa Jurja Strossmayera u Osijeku radi stjecanja
zvanja prvostupnice fizike

Osijek, 2020.



”Qvaj zavrsni rad izraden je u Osijeku pod vodstvom izv.prof.dr.sc. Igora Lukacevi¢a u
sklopu SveuciliSnog preddiplomskog studija fizike na Odjelu za fiziku SveuciliSta Josipa

Jurja Strossmayera u Osijeku.”



L 1 T 1
2. Jednodimenzionalna pravokutna potencijalna jama ............cccccooiiiiiiiiniiiiii e 2
2.1, Ovisnost 0 Sirini JAme L............ccoooiiiiiiiiiiiiice e 6
2.2, Ovisnost 0 kvantnom bBroju N............ccocoeiiiiiiiiiiiniieeeec e 6
2.3.  Prvi graf- prikaz gustoée vjerojatnosti kvantne €estice................cccoerviriiiiiniiniicneen 7
2.3.1.  Ovisnost o Sirini jame L ...........c.ccoooiiiiiiiiiiice e 8
2.3.2. Ovisnost 0 kvantnom DYOJul I .osimisisnis i susssiesisisvssssasssmsssss s i s 9

2.4, Drugigraf- energijski graf .o smm s s e s s 10
2.5.  Tre¢i graf- udaljenost izmedu dva susjedna minimuma gustoce vjerojatnosti.............. 12

3. Dvodimenzionalna pravokutna potencijalna jama ..............ccccoconiiiiiiiiiin 16
3.1.  Prikaz funkcije gustoce vjerojatnosti i stacionarnih stanja ........................ccooo 17
3.2.  Prikaz projekcije valne funkcije ‘an,ny ili Pn,n, NA TAVII XY i vl 21
4. Programski kod za jednodimenzionalni slucaj...............cccoeoiiiiiniiiiiiniii e 24
5. Programski kod za dvodimenzionalni sIucaj................cocooroiiiiiiniiiiiiii 27
O LRI 50050550 05 5 S B AR 29
T (IO ARNIIC. oot 7 T 5 0 0 T 0 T o P PSP 30
B TR DS e e S R RS R0 T B e S R S 31



Sveuciliste Josipa Jurja Strossmayera u Osijeku Zavrsni rad

Odjel za fiziku

INTERAKTIVNI APLETI IZ KVANTNE MEHANIKE-
1D I 2D BESKONACNA PRAVOKUTNA
POTENCIJALNA JAMA

Viktorija Nad

Sazetak
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1. Uvod

Kvantna Cestica koja se nalazi unutar potencijalne jame s beskonaéno visokim zidovima
giba se unutar prostora koji je ogranicen potencijalnim zidovima jer su ti zidovi “neprobojni®,
odnosno valna funkcija koja opisuje kvantnu Cesticu iS¢ezava na rubovima zidova. Model
pravokutne potencijalne jame koristi se 1 kao primjer koji opisuje razlike izmedu klasic¢ne 1
kvantne mehanike. Na primjer, u klasicnoj mehanici Cestica koja se giba unutar jame moze
poprimati bilo koje brzine te mozemo toc¢no znati gdje se nalazi u svakome trenutku ukoliko su
nam poznati pocetni uvjeti. S druge strane, kvanta mehanika nam samo omogucuje da
proracunamo vjerojatnost kolika ¢e biti brzina i gdje ¢e se Cestica nac¢i. U daljnjem izlaganju
primijetit ¢emo da ukoliko smanjimo prostor do nanometarskih veli¢ina i manje, kvantni u¢inci
postat ¢e vazni, stoga neCemo moci tvrditi da ¢e Cestica imati bilo koje vrijednosti brzina,
energije islicno, nego ¢e imati energije diskretnih vrijednosti. Zbog svoje jednostavnosti model
pravokutne potencijalne jame omogucéava uvid u kvantne efekte bez uporabe matematicke
slozenosti. Takoder, moze posluziti kao aproksimacija koja opisuje slozenost fizikalnog sustava

poput atoma vodika.



2. Jednodimenzionalna pravokutna potencijalna jama

Aplet se sastoji od tri grafa (Slika 1). Pojasnit ¢emo ih opSirnije u daljnjem izlaganju. Prvi
graf vizualizira funkciju W, (x) ili p,(X), Sto se moZe odabrati na vrhu apleta. Drugi je graf
energijski graf. Kako bi prikazali diskretnu raspodjelu energija, u formulu za energiju uvrstili
smo masu elektrona koja iznosi 9.11 x 10731 kg. Treéi graf prikazuje udaljenosti izmedu dvaju
susjednih minimuma gustoce vjerojatnosti.
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Slika 1. Jednodimenzionalna pravokutna potencijalna jama: (a)
Graficki prikaz funkcije W,(x); (b) Graficki prikaz diskretne
raspodjele energija; (c) Graficki prikaz udaljenosti izmedu dvaju
susjednih minimuma stacionarnih stanja.



Valna funkcija W, (x) nema fizikalno zna¢enje, no uzmemo li njezinu apsolutnu vrijednost na
kvadrat |¥,, (x)|? = pp(X) dobivamo vrijednost koja predstavlja gustoéu vjerojatnosti nalaZenja

kvantne ¢estice u toci x. Podrucje ispod grafa predstavlja vjerojatnost nalazenje kvantne Cestice
P (x) = I p,(x)dx. Rjesavaju¢i Schrodingerovu valnu jednadzbu jednadzbu za V(x) = 0

(potencijal unutar jame) [3] do¢i ¢emo do izraza za valnu funkciju ¥, (x).

B _ [_2m (1)
2max2T“(X) E“T“(X)/( hzj
O 00+ 2 Eay =0 @)
X h

Kako bismo pojednostavili zapis, uvodimo pokratu

K2 = 21;‘]25 n. 3)
Jednadzba poprima oblik
82
QTH(X) +k ¥, (%) =0. “

Jednadzbu (4) mozemo povezati s klasicnom mehanikom u kojoj predstavlja jednadzbu
harmonijskog oscilatora ¢ije nam je rjeSenje poznato. U matemati¢koj interpretaciji ona je
homogena linearna diferencijalna jednadzba drugoga reda s konstantnim koeficijentima te ju
rjeSavamo metodom neodredenih koeficijenata [5]. Stoga ¢emo zapisati rjesenje koje pri tome

dobivamo te nastaviti s daljnjim rjesavanjem.



¥ (x) = Acos(k, x)+ Bsin (k x) (5)

Primjenom rubnih uvjeta W,,(0) = W, (L) = 0 dobivamo vrijednosti za koeficijente A i B.

Y (0)=0=A (0)

0=% (L) = Acos(k,L)+Bsin (kL) (7)

Budu¢i da je koeficijent A jednak 0, uvrstimo li to u (7) u konacnici dobivamo vrijednost za

k,, koja iznosi:

k, = nfn , (8)
Ubacimo 1i (8) 1 (6) u (5) dobivamo
‘Pn(x)ZBsin(nEXj_ )

Kako bismo dobili vrijednost za koeficijent B, iskoristit ¢emo uvjet normalizacije [3]:



B [[#eo| dx =1. (10)

Rijesimo li (10) dobivamo

2
B=.—
L (11)
Kada (11) uvrstimo u (9) dobivamo konacno rjesenje
2 . (nmx
¥, (9 = Esm( 3 j (12)

1z izraza (12) je vidljivo da valna funkcija Cestice u jami ovisi o Sirini jame, L, i kvantnom

stanju Cestice, odredenim s kvantnim brojem n.



0= <=(X)A V(x)-> o

2.

valna duljina ¢e se sve vise povecavati, dok ¢e se k,, smanjivati. Zamislimo 1i da Sirinu jame
povecavamo prema beskonacnosti, vrijednost valne funkcije tezit ¢e k 0. To uocavamo sa Slike

2. Sirinu potencijalne jame L moZzemo mijenjati i pomoéu kliza¢a iznad grafova.

1.  Ovisnost o Sirini jame L

Kako poveéavamo Sirinu jame prema (12) valna ¢e se funkcija ,,$iriti”, odnosno njezina
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Slika 2. a) Valna funkcija kvantne
Cestice u jami Sirine L=1A; b) Valna
funkcija kvantne Cestice u jami Sirine
L=24; ¢) Valna funkcija kvantne
Cestice u jami Sirine L=2.54.

2.2.  Ovisnost o kvantnom broju n
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Broj “dolova“ i “brjegova‘“ valne funkcije W, (x) je jednak kvantnome broju n, a broj

“Cvorova“ valne funkcije W, (x) je jednak kvantnome broju n uvecanoga za jedan (n+1). Kako

povecavamo kvanti broj prema (12) njezina valna duljina sve vise ¢e se smanjivati, a k,

povecavati. To uocavamo sa Slike 3. Kvantni broj n mozemo mijenjati i pomocu klizaca iznad

grafova.

o= <=(X)A V(x)-> oo



0= <=(X)A V(x)-> o
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Slika 3. a) Valna funkcija kvantne
Cestice u jami Sirine L=A kvantnog
broja n=1; b) Valna funkcija kvantne
Cestice u jami Sirine L=14 kvantnog
broja n=35; ¢) Valna funkcija kvantne
Cestice u jami Sirine L=14 kvantnog
broja n=10.

2.3.  Prvi graf- prikaz gustoce vjerojatnosti kvantne Cestice

U prethodnom smo podnaslovu napomenuli da kvadrat apsolutne vrijednosti funkcije
Y, (x) ima fizikalno znacenje. Zapravo, predstavlja gustocu vjerojatnosti nalazenja kvantne

cestice u nekoj tocki koja se nalazi unutar zadanoga intervala, §to u nasem slucaju predstavlja

Sirinu jame, 1 oznacavamo ju s p,(x).

¥, () [*=p, () (13)

o= <=(X)A V(x)-> oo



Upotrijebit ¢emo izraz (13) kako bismo uveli novu fizikalnu veli¢inu koju ¢emo oznaditi Pyy,.

Tu novu fizikalnu veli¢inu zovemo vjerojatnost nalazenja Cestice [3] 1 definiramo je s

b
P, = [p, (dx .

2.3.1. Ovisnost o Sirini jame L

0= <=(X)A V(X)-> oo

(14)

Kako povecavamo Sirinu jame, vjerojatnost pronalaska Cestice se smanjuje. Na Slici 4

prikazano je ponasanje gustoce vjerojatnosti.

L)

@
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Slika 4. a) Gustoca vjerojatnosti kvantne Cestice
unutar jame Sirine 14; b) Gusto¢a vjerojatnosti
kvantne cestice unutar jame Sirine 24; ¢) Gustocéa
vjerojatnosti kvantne cestice unutar jame Sirine
2.54.
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o= <=(X)A V(x)=> oo

2.3.2. Ovisnost o kvantnom broju n

Broj “brjegova“ valne funkcije p,(x) je jednak kvantnome broju n, a broj “cvorova‘“

valne funkcije

pn(x) je jednak kvantnome broju n uvecanoga za jedan (n+1). Kako

pove¢avamo kvantni broj n, zakoni kvantne mehanike sve blize reproduciraju klasi¢ne

rezultate, odnosno gustoca vjerojatnosti oscilira sve veé¢im frekvencijama Sto u konacnici

dovodi do ujednacene vrijednosti vjerojatnosti [4]. Taj princip zovemo Bohrovim principom

komplementarnosti [4]. Vjerojatnost nalaZzenja kvantne Cestice unutar zadanog intervala, koja

odgovara rezultatu klasi¢ne mehanike, dana je s:

(15)
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Slika 5. .a) Gustoca vjerojatnosti
kvantne Cestice unutar jame Sirine 14
kvantnog broja n=1; b) Gustoce
vjerojatnosti kvantne Ccestice unutar
jame Sirine 14 kvantnog broja n=35; c)
Gustoca vjerojatnosti kvantne Cestice
unutar jame Sirine 14 kvantnog broja
n=10.
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U jednadzbi (16) x; predstavljaju tocke u kojima e se gustoca vjerojatnosti “ukapljiti®,
odnosno u tim tockama kvantna mehanika ¢e reproducirati klasi¢ne rezultate, vjerojatnost (14)
poprimit ¢e konstantnu vrijednost [4].

x, =3 jo0123.. (16)
2n

2.4. Drugi graf- energijski graf

Uvazavajuéi postulate klasicne mehanike cestica moze poprimati bilo koju vrijednost
energija Sto odgovara kontinuiranome energijskome spektru. Za razliku od klasi¢ne mehanike,
u kvantnoj mehanici Cestica u potencijalnoj jami moze imati samo to¢no odredene vrijednosti

Sto odgovara diskretnome energijskome spektru. Ta je energija dana [3] s:

E, = ili E,=En”. (17)

10
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Quantum number, n I 21
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Slika 6. Prikaz gustoce vjerojatnosti i energije osnovnog stanja

kvantne Cestice s masom elektrona (L= 14, n=1).
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Slika 7. Prikaz gustoce vjerojatnosti i energije osnovnog stanja kvantne
Cestice s masom elektrona (L= 2.54, n=1).

11



Usporedujuci Sliku 6 sa Slikom 7 mozemo uociti da kad pove¢avamo Sirinu jame smanjuje se
razmak izmedu susjednih nivoa Sto proizlazi iz (17) jer je energija kvantne Cestice obrnuto
srazmjerna sa Sirinom jame. Ukoliko nas zanima koliki su ti razmaci mozemo ih izracunati na

sljede¢i nacin:

232 22 2422 2_2 2_2
:(n+1)h1t n‘aAmt  h'm [(n+1)2—n2]=hn

AE=E . —E — =
e T 2mlL? 2mL*>  2mL? 2

@n+1).  (18)

2.5. Treéi graf- udaljenost izmedu dva susjedna minimuma gustoce vjerojatnosti

Graf'sluzi za iS¢itavanje vrijednosti udaljenosti izmedu dva susjedna minimuma gustoce

vjerojatnosti. Ta vrijednost je dana s:

Boia == . (19)

S|

U daljnjem izlaganju izvest ¢emo (19). Izvod zapocCinjemo trazenjem ekstrema gustoce

vjerojatnosti (13).

12



Primjenom formula za trigonometrijske funkcije

sin (2a) = 2sin (a)cos(a) »

dobivamo rezultat

stoga dobivamo

(20)

21)

(22)

(23)

(24)

(25)

13



Uvrstimo 1i (26) u (25) dobivamo

sin (k) =0,k =0,1,2,3,... (26)

Iz izraza (27) primjecujemo ukoliko je k pozitivan cijeli broj tada ¢e u tockama:

0, T, 21, 31, 4m,..., gustoca vjerojatnosti biti jednaka nuli. Ako je

; (27)

i . B e oo 3 x i o . 1_ 5 _ 9
tada za svaki prirodan broj m (26) postize minimum. Sto znaci da ¢e u tockama: ST ST o,

13 ¥ v . s y 5 v . s ’ 5 i .
— T ..., gustoca vjerojatnosti imati minimalnu vrijednost. Razlika dvije susjedne tocke ¢e dati

udaljenost izmedu dva susjedna minimuma gustoce vjerojatnosti. Uvrstimo li (27) u (25)

dobivamo:

X, :£(4m—3),m:1,2,3,4,... (28)
4n

Napravimo li razliku izmedu x,;, 1 X,,44 dobit éemo (19).

5 —x. . —x. =L [4(m+1)-3]- L (4m-3)-mrLrabmdlm 4L L o
4n 4n 4n 4n n

14
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Slika 8. Gustoca vjerojatnosti
za Sstanje n= 4; Crvena crta
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Slika 9. Svaki pravac na grafu predstavlja stanje kvante Cestice n,
a crna tocka predstavilja: a) Udaljenost izmedu dva susjedna
minimuma gustoce vjerojatnosti iznosa 14; b) Udaljenost izmedu
dva susjedna minimuma gustoce vjerojatnosti iznosa 0.208333 A.

15



3. Dvodimenzionalna pravokutna potencijalna jama

Aplet se sastoji od tri grafa (Slika 11). Pojasnit ¢emo ih opsirnije u daljnjem izlaganju. Prvi
graf vizualizira funkciju W, (x,y) ili p,(X,y). Izbor se vr§i pomoc¢u izbornika na vrhu apleta.
Drugi graf daje graficki prikaz projekcije valne funkcije na ravninu x-y. U nasem slucaju one
su vizualizirane linijama konstantnih vrijednosti W, (x,y) ili p,(%,y) u dvodimenzionalnom
sustavu. Tre¢i graf je energijski graf iz kojeg iS¢itavamo vrijednosti energija koje pripadaju

“gibanju Cestice “ u smjeru X osi i smjeru y osi, te vrijednost zbroja njihovih energija.

Potential wall width in the direction of the x-axis [A] I
Potential wall width in the direction of the y-axis [A] I

ik
1.
Quantum number, n, I 1
1

Quantum number, n, I

Contours of n,=1and n,=1 wavefunction ¢ 4 —
T ———————r————1———r—

y 14]

Energy Value

W Ey=
376508 eV
@ =
37 6508 oV
W e,
75.3017 eV

Slika 10. Dvodimenzionalna pravokutna potencijalna jama: (a) Graficki
prikaz W,,(x,y) (b) Prikaz projekcije valne funkcije W,,(x,y) na ravninu
x-y (¢) Stupcasti graf iz kojeg iscitavamo energije u x i y smjeru te zbroj
njihovih energija.
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3.1. Prikaz funkcije gustoce vjerojatnosti i stacionarnih stanja

Primjecujemo da je u ovome slucaju funkcija Pny.n, (X,Y) funkcija dvije varijable [6], a

ona je jednaka p,(x) = |¥,(x)|?%, stoga u obzir moramo uzeti smjer x i smjer y tijekom izvoda.

Kre¢emo od Schrodingerove valne jednadzbe koja glasi [2].

hZ(az o?

2 .8 _ (30)
o oy ]‘P (xy)=E¥, , (xy)

2m

Jednadzbu (30) rjeSavamo metodom separacije varijabli [2].

¥, . ) =X, XY, (v) (31)
0 1 0 1
3w o P Ol g e Ol BB v, G2

Jednadzbu (32) mozemo rastaviti na dvije od kojih ¢e jedna ovisiti samo o x smjeru, a druga o

y smjeru. Te jednadzbe dane su sa:

X, (x)+ 222m X, (x)=0 - (33)

17



Y, (y)+—2Y, (y)=0 . (34)

Jednadzbu (33) 1 (34) prepoznajemo kao jednadzbe harmonijkog oscilatora ¢ija su nam rjesenja

poznata i dana sa:

X, (¥) = 2 in (ﬂ) : (35)
a

Y, (y)= \Esin {%} . (36)

1z jednadzbe (32) je vidljivo ukoliko uvrstimo (36) i (35) dobivamo

2 . (nmx). (Dnmy
\P“"ny(X’Y)ZESH{—a jsm(—yb ] (37)
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Ve¢ smo napomenuli ukoliko uzmemo apsolutnu vrijednost funkcije (37) na kvadrat da ¢emo

dobiti funkciju Pnyny (X,¥) koja predstavlja gustocu vjerojatnosti:

Po, (6 )= ibsm(—nﬂxjsm[—nﬂy J (38)
o a

Razmatraju¢i jednadzbu (38) moZemo zakljuciti da npr. funkcije p,1(X,y) 1 p12(X,y) nisu
jednake zbog toga Sto predstavljaju dva razliita stanja kvantne Cestice koja se nalazi u jami.

To primjecujemo ukoliko usporedimo Sliku 12 sa Slikom 13.

Contours of n,=1 and n,=1 wavefunction ¢ 4

1.0}

0.8

0.6

¥ [A]

0.4

02

0.0 0.2 0.4 06 0.8 1.0
x [A]

Slika 11. Stacionarno stanje kvantne Cestice koja se nalazi unutar jame Sirine 14 u stanju
kvantnih brojeva ny=1I in,=1.
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Contours of n,=2 and n,=1 wavefunction  ,

10[T T T T T

08

06

y[A]

02z

05

0.0 0.2 0.4 0.6 0.8 1.0
x [A]

Spin,x = ©.5 A
Opin,y = 1. A

Slika 12. Gustoca vjerojatnosti kvantne Cestice koja se nalazi unutar jame Sirine 14 u stanju
kvantnih brojeva ny=2 in,=1.

Contours of n,=1 and n,=2 wavefunction ¢, ;
1.0 v J v L y

08

06

¥ [A]

04+

n2r

x [A]

Opin,x = 1. A
Spin,y = ©@.5 A

Slika 13. Gustoce vjerojatnosti kvantne Cestice koja se nalazi unutar jame Sirine 14 u stanju
kvantnih brojeva ny=1I in,=2.
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3.2. Prikaz projekcije valne funkcije W, (x,y) ili p,(X,y) na ravninu x-y

Drugi graf daje graficki prikaz projekcije valne funkcije na ravninu x-y. U nasem slucaju
one su vizualizirane linijama Kkonstantnih vrijednosti W,(x,y) ili p,(x,y) u
dvodimenzionalnom sustavu. S desne strane toga grafa uocavamo skalu koja predstavlja
vrijednosti W, (x,y) ili p,(X,y), a ispod tog grafa uocavamo dvije vrijednosti koje predstavljaju
udaljenost izmedu dva susjedna minimuma gustocée vjerojatnosti u smjeru x i smjeru y. Njih

racunamo prema formulama:

a . b
8min,x =— 1 8rrin,y = . (39)
n n
Contours of n,=1 and n,=1 wavefunction ¢ 4 Contours of n,=12 and n,=12 wavefunction @312
1.0 T T T T T L T T T] 1.0 (=1 T | T | T T T]

0.6 06

04F

0.4F

02 02}

0.0}

x [A] x [A]
Suinx = 1. A

5min,y =

©.e833333 A

‘5min,x
‘5min,y = ©.8833333 A

|
[y
o

Slika 14. a) Gustoca vjerojatnosti kvantne Cestice koja se nalazi unutar jame
Sirine 14 u stanju opisanom kvantnim brojevima n, =1 i n, =1, minimalna
udaljenost izmedu dva susjedna minimuma gustoce vjerojatnosti i u smjeru x
i u smjeru y iznosi 14 koja je dana ispod grafa b) Gustoéa vjerojatnosti
kvantne Cestice koja se nalazi unutar jame Sirine 14 u stanju opisanom
kvantnim brojevima m, =1 i ny,=I; minimalna udaljenost izmedu dva
susjedna minimuma gustoce vjerojatnosti i u smjeru x i u smjeru y iznosi
0.0834 koja je dana ispod grafa. 21



Energija koja odgovara ovome slucaju dana je izrazom

2

w'h’(n} 0y (40)
o 2m |a’ b’

MO

n

Do formule (40) dolazimo tako $to ¢emo se pozvati na izraze (8) i (3).

2 222 2242 255 2 2
n'n’h* mnlh”  g*h*(n® n

E=E, +E, =——25-+— = < 4+2 (41)
2ma 2mb 2m | a”~ b

Contours of n,=2 and n,=3 wavefunction ¢, 5

1.0}

3.5

08

yIAl

021

x [A]

Ogin,x = 0.5 &
Omin,y = ©.333333 &
Energy Value

W E-
150.603 eV

B -
338.857 eV

L =R
489.461 eV

Ez Ea Eza

Slika 15. Gustoca vjerojatnosti kvantne Cestice koja se nalazi unutar jame Sirine 14 u stanju
opisanom kvantnim brojevima ny=2 i n,=3; Energija u x smjeru iznosi oko 150 eV, a u y
smjeru oko 340 eV; Ukupna energija je zbroj tih energija.



Contours of n,=3 and n, =2 wavefunction @5,

1.0}

o8l

06|

= 20
>
04l
15
1.0
02|
0.5
0.0—. n n T n 11 1 1]
0.0 0.2 0.4 0.6 0.8 1.0
x [A]
Opin,x = ©.333333 A
Omin,y = ©.5 A
Energy Value
| =
338.857 eV
=
150.603 eV
W Ej;=
489.461 eV

Es Ez E32

Slika 16. Gustoca vjerojatnosti kvantne Cestice koja se nalazi unutar jame Sirine 14 u stanju
kvantnih brojeva ny=3 i n,=2; Energija u x smjeru iznosi oko 340 eV, a u'y smjeru oko 150
eV, Ukupna energija je zbroj tih energija.

Mozemo primijetiti sa Slike 15 i Slike 16 da je ukupna energija kvantne Cestice ista iako se
nalazi u razli¢itim stanjima. To zovemo degeneracija kvantnog stanja [3].
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4. Programski kod za jednodimenzionalni slucaj

hbar:= ((6.626*103%)/(2 i) (*reduced Planck's constant*)
const:=m?/(2 9.11*103*1.6*10%°)*10%° (*constant*)
Energyl[l_]:=(1/1)? (hbar)? const(*basic state energy*)
Energy2[a_,|_]:=(a/l)? (hbar)? const(*energy levels*)

2
Ylx_,a_l ]:=V 1 Sin[(a it x)/I](*stationary states*)
plx_,a_,I_]:=2/I Sin[(a it x)/I] Sin[(a i x)/l](*probability density*)
stp[a_]:=2.5/a (* step by step B levels *)

(*choices color background*)

i=1;
tab[text_,pos_Integer,sel_Integer]:=Pane[text,ImageMargins->-11,FrameMargins->12,ImageSize->Medium
,BaseStyle->If[pos===sel,{Background->Darker[Red,0.3],FontWeight->Bold, FontColor->White},{Background-
>White,FontWeight->Bold,FontColor->Darker[Red,0.3]}]]

(*plot stationary states*)

ppl:=Manipulate[Column[{Row[{Plot[([x,a,l], {x,0,1},Prolog->{Lighter[Orange, 0.2],Rectangle[{-0.15,-
2},{0,2}],Lighter[Orange, 0.2],Rectangle[{l,-2},{I+0.15,2}],Inset[Style[Row[{"0"}], Black, Bold, 10],{-
0.06,0}]},PlotRange->{{-0.15,2.5+0.15},{-2,2}}, Frame->{{True, True},{True,True}}, ImageSize-
>Medium,ImagePadding->40, PlotStyle->Blue, AspectRatio->Automatic,Axes->{True,False}, FrameTicks-
>{{None,None},{All, None}},FrameStyle->Directive[Black,Bold,10],FrameLabel->{{Text[Style["V(x)->

" Darker[Red,0.3],10,Bold]]Rotate[Text[Style[" V(x)->-o=",Darker[Red,0.3],10,Bold]],180

Degree], Text[Style["V(x)-> o=",Darker[Red,0.3],10,Bold]] Rotate[Text[Style[" V(x)-> -

" Darker[Red,0.3],10,Bold]], 180 Degree]},{Text[Style[ "Width[A]" Darker[Red,0.3],10,Bold]],""}}],
Graphics[{Lighter[Orange, 0.2],Rectangle[{-181,0},{0,5550}],Lighter[Orange,
0.2],Rectangle[{3615,0},{3796,5550}], Black,Dashed,Line[{{1,1*Energy1[l]}{3614,1*Energy1][l]}}],
Black,Dashed,Line[{{1,4*Energy1[l]},{3614,4*Energy1[l]}}],
Black,Dashed,Line[{{1,9*Energy1[l]},{3614,9*Energy1[l]}}],
Black,Dashed,Line[{{1,16*Energy1][l]},{3614,16*Energy1[I]}}],
Black,Dashed,Line[{{1,25*Energy1[l]},{3614,25*Energy1][I]}}],
Black,Dashed,Line[{{1,36*Energy1][l]},{3614,36*Energy1[I]}}],
Black,Dashed,Line[{{1,49*Energy1][l]},{3614,49*Energy1[l]}}],
Black,Dashed,Line[{{1,64*Energy1[l]},{3614,64*Energy1][I]}}],
Black,Dashed,Line[{{1,81*Energy1[l]},{3614,81*Energy1][l]}}],
Black,Dashed,Line[{{1,100*Energy1[l]}{3614,100*Energy1[l]}}],
Black,Dashed,Line[{{1,121*Energy1[l]}{3614,121*Energyl1[l]}}],

Black,Dashed, Line[{{1,144*Energy1[l]},{3614,144*Energy1][l]}}], Which[a==1,{Darker[Red,0.3], Thickness[0.02],Li
ne[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E",, "="

,Energy2[a,l], " eV"}], Darker[Red,0.3], Bold,
12],{4355,Energy2[a,l]+50}]},a==2,{Darker[Yellow,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,|
}, Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Yellow,0.3], Bold, 12],{4355,Energy2[a,l]}]},a==3,
{Darker[Green,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Green,0.3], Bold, 12],{4355,Energy2[a,l]}]},a==4,

{Darker([Blue,0.6], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Blue,0.6], Bold, 12],{4355,Energy2[a,l]}]}, a==5,

{Darker[Purple,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Purple,0.3], Bold, 12],{4355,Energy2[a,l]}]}, a==6,

{Darker[Pink,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Pink,0.3], Bold, 12],{4355,Energy2[a,l]}]}, a==7,

{Darker[Brown,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E" ., "="

,Energy2[a,l], " eV"}], Darker[Brown,0.3], Bold, 12],{4355,Energy2[a,l]}]}, a==8,

{Darker[Gray,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",, "="
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,Energy2[a,l], " eV"}], Darker[Gray,0.3], Bold, 12],{4355,Energy2[a,l]}]}, a==9,
{Purple,Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Purple, Bold, 12],{4355,Energy2[a,l]}]}, a==10,

{Green, Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E" s, "="

,Energy2[a,l], " eV"}], Green, Bold, 12],{4355,Energy2[a,l]}]}, a==11,

{Red, Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E" s, "="

,Energy2[a,l], " eV"}], Red, Bold, 12],{4355,Energy2[a,l]}]}, a==12,

{Blue, Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Blue, Bold, 12],{4355,Energy2[a,l]}]}]}, PlotRange->{{-
181,5000},{0,5550}},FrameTicks->{{None,None},{None,None}}, Frame->{{False,True} {True,True}},Framelabel-
>{{"", "L {"", Style[Row[{"Energy levels ","[E".,"=", a a, "* E;] "}, Darker[Red,0.3], Bold,
14]}},ImageSize->Medium]}," "],Graphics[{ Darker[Red,0.3],Dashed,Line[{{0,
0},{2.5,2.5}}],Darker[Yellow,0.5],Dashed,Line[{{0,0},{2.5,1.26}}],Darker[Green,0.3],Dashed, Line[{{0,0},{2.5,0.84}}
J,Darker[Blue,0.3],Dashed, Line[{{0,
0},{2.5,0.63}}],Darker[Purple,0.3],Dashed,Line[{{0,0},{2.5,0.5}}],Darker[Pink,0.3],Dashed, Line[{{0,0},{2.5,0.42}}],
Darker[Brown,0.3],Dashed,Line[{{0,
0},{2.5,0.36}}],Darker[Gray,0.3],Dashed, Line[{{0,0},{2.5,0.32}}],Purple,Dashed,Line[{{0,0},{2.5,0.28}}],Green,Das
hed,Line[{{0, 0},{2.5,0.25}}],Red,Dashed,Line[{{0,0},{2.5,0.23}}],Blue,Dashed, Line[{{0,0},{2.5,0.21}}],
Which[a==1,{Darker[Red,0.3], Thickness[0.015],Line[{{0,0},{2.5, stp[a]}}],PointSize->Large,Black,
Point[{l,1}],Inset[Style[Row[{"&min","(",1,")","="

I, A"}, Black, Bold, 10],{0.8,2.2}]},a==2,{Darker[Yellow,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"8 min","(",1,")", "="

/2, "A"}], Black, Bold, 10],{0.8,2.2}]},a==3, {Darker[Green,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"8 min","(",1,")", "="

,I/3, "A"})], Black, Bold, 10],{I-0.7,1/3}]},a==4, {Darker[Blue,0.6], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"8 min","(",1,")", "="

/4, "A"}], Black, Bold, 10],{I-0.7,1/4}]}, a==5, {Darker[Purple,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"8 min","(",1,")", "="

LI/5, "A"), Black, Bold, 10],{I-0.5,1/5}]}, a==6, {Darker[Pink,0.3], Thickness[0.015],Line[{{0,0}{2.5,
stp[a]}}],PointSize->Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"8 min","(",1,")", "="

,I/6, "A"}], Black, Bold, 10],{0.8,2.2}]}, a==7, {Darker[Brown,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,I/7}],Inset[Style[Row[{"Smin"," ("] ,")","="

/7, "A"}], Black, Bold, 10],{0.8,2.2}]}, a==8, {Darker[Gray,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,I/8}],Inset[Style[Row[{"&min","(",1,")","="

,1/8, "A"}], Black, Bold, 10],{0.8,2.2}]}, a==9, {Purple, Thickness[0.015],Line[{{0,0}{2.5, stp[a]}}],PointSize-
>Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"&min","(",I,")","="

L1/9, ”AD”}], Black, Bold, 10],{I-0.7,1/10}]}, a==10, {Green, Thickness[0.02],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"8 min","(",1,")", "="

,1/10," 4"}, Black, Bold, 10],{1-0.7,1/10}]}, a==11, {Red, Thickness[0.015],Line[{{0,0},{2.5, stp[a]}}], PointSize-
>Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"Smn","("I,")","="

/11, ”Ao”}], Black, Bold, 10],{I-0.7,1/11}]}, a==12, {Blue, Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{0.8,2.2}],Inset[Style[Row[{"8 min","(",1,")", "="

/12, "A"), Black, Bold, 10],{1-0.7,1/12}]}]}, PlotRange->{{0,2.7},{0,2.7}}, ImageSize-
>Medium,ImagePadding->40,Frame->{{True, True},{True, True}},FrameLabel-
>{{Text[Style["Smn[A]", Darker[Red,0.3],10,Bold]],
" {Text[Style["Width[A])" Darker[Red,0.3],10,Bold]], Text[Style[" Minimum distance between two adjacent
points ",Darker[Red,0.3],Bold,14]]}}, RotateLabel->True,FrameStyle->Directive[Black,Bold,10],FrameTicks-
>{{All, None},{All, None}}]}, Center],{{l, 1.0, "Potential wall width [A]" },1.0,2.5,0. 01,Appearance-> "Labeled"},
{{a,1,"Quantum number, n"},1,12,1, Appearance-> "Labeled"},ControlPlacement->Top]

(*plot probability density*)

pp2:=Manipulate[Column[{Row[{Plot[p[x,a,l], {x,0,1},Prolog->{Lighter[Orange, 0.2],Rectangle[{-0.15,-
2},{0,2}],Lighter[Orange, 0.2],Rectangle[{l,-2},{I+0.15,2}],Inset[Style[Row[{"0"}], Black, Bold, 10],{-

0.06,0}]}, PlotRange->{{-0.15,2.5+0.15},{-2,2}}, Frame->{{True, True},{True,True}}, ImageSize-
>Medium,ImagePadding->40, PlotStyle->Darker[Green,0.6], AspectRatio->Automatic,Axes->{True,False},
FrameTicks->{{None,None},{All, None}},FrameStyle->Directive[Black,Bold,10],FrameLabel->{{Text[Style["V(x)->
" Darker[Red,0.3],10,Bold]]Rotate[Text[Style[" V(x)->-o=",Darker[Red,0.3],10,Bold]],180

25



Degree], Text[Style["V(x)-> e=",Darker[Red,0.3],10,Bold]] Rotate[Text[Style[" V(x)-> -

oo" Darker[Red,0.3],10,Bold]],180 Degree]},{Text[Style["Width[ A]", Darker[Red,0.3],10,Bold]],""}}],
Graphics[{Lighter[Orange, 0.2],Rectangle[{-181,0},{0,5550}], Lighter[Orange,
0.2],Rectangle[{3615,0},{3796,5550}], Black,Dashed,Line[{{1,1*Energy1[l]},{3614,1*Energy1[l]}}],
Black,Dashed,Line[{{1,4*Energy1[l]},{3614,4*Energy1[l]}}],

Black,Dashed, Line[{{1,9*Energy1[l]},{3614,9*Energy1[l]}}],
Black,Dashed,Line[{{1,16*Energy1[l]},{3614,16*Energy1[I]}}],
Black,Dashed,Line[{{1,25*Energy1[l]},{3614,25*Energy1[l]}}],
Black,Dashed,Line[{{1,36*Energy1[l]},{3614,36*Energy1[I]}}],
Black,Dashed,Line[{{1,49*Energy1][l]},{3614,49*Energy1][I]}}],
Black,Dashed,Line[{{1,64*Energy1][l]}{3614,64*Energyl1[I]}}],
Black,Dashed,Line[{{1,81*Energy1][l]},{3614,81*Energy1[l]}}],
Black,Dashed,Line[{{1,100*Energy1[l]}{3614,100*Energy1[l]}}],
Black,Dashed,Line[{{1,121*Energy1[l]}{3614,121*Energy1[l]}}],
Black,Dashed,Line[{{1,144*Energy1[l]},{3614,144*Energy1][l]}}], Which[a==1,{Darker[Red,0.3], Thickness[0.02],Li
ne[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E" s, "="

,Energy2[a,l], " eV"}], Darker[Red,0.3], Bold,
12],{4355,Energy2[a,l]+50}]},a==2,{Darker[Yellow,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,|
J}, Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Yellow,0.3], Bold, 12],{4355,Energy2[a,l]}]},a==3,

{Darker[Green,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Green,0.3], Bold, 12],{4355,Energy2[a,l]}]},a==4,

{Darker[Blue,0.6], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Blue,0.6], Bold, 12],{4355,Energy2[a,l]}]}, a==5,

{Darker[Purple,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Purple,0.3], Bold, 12],{4355,Energy2[a,l]}]}, a==6,

{Darker[Pink,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Pink,0.3], Bold, 12],{4355,Energy2[a,l]}]}, a==7,

{Darker[Brown,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E" ., "="

,Energy2[a,l], " eV"}], Darker[Brown,0.3], Bold, 12],{4355,Energy2/[a,l]}]}, a==8,

{Darker[Gray,0.3], Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Darker[Gray,0.3], Bold, 12],{4355,Energy2[a,l]}]}, a==9,
{Purple,Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Purple, Bold, 12],{4355,Energy2[a,l]}]}, a==10,

{Green, Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}],Inset[Style[Row[{"E",, "="

,Energy2[a,l], " eV"}], Green, Bold, 12],{4355,Energy2[a,l]}]}, a==11,

{Red, Thickness[0.02],Line[{{30,Energy2[a,l]}{3580,Energy2[a,l]}}], Inset[Style[Row[{"E",,"="

,Energy2[a,l], " eV"}], Red, Bold, 12],{4355,Energy2[a,l]}]}, a==12,

{Blue, Thickness[0.02],Line[{{30,Energy2[a,l]},{3580,Energy2[a,l]}}], Inset[Style[Row[{"E" s, "="

,Energy2[a,l], " eV"}], Blue, Bold, 12],{4355,Energy2[a,l]}]}]}, PlotRange->{{-
181,5000},{0,5550}},FrameTicks->{{None,None},{None,None}}, Frame->{{False,True} {True, True}},FramelLabel-
>{{"", "L {"", Style[Row[{"Energy levels ","[E".,"=", a a, "* E;] "}], Darker[Red,0.3], Bold,
14]}},ImageSize->Medium]}," "],Graphics[{ Darker[Red,0.3],Dashed,Line[{{0,
0},{2.5,2.5}}],Darker[Yellow,0.5],Dashed,Line[{{0,0},{2.5,1.26}}],Darker[Green,0.3],Dashed,Line[{{0,0},{2.5,0.84}}
J,Darker[Blue,0.3],Dashed,Line[{{0,
0},{2.5,0.63}}],Darker[Purple,0.3],Dashed,Line[{{0,0},{2.5,0.5}}],Darker[Pink,0.3],Dashed,Line[{{0,0},{2.5,0.42}}],
Darker[Brown,0.3],Dashed,Line[{{0,
0},{2.5,0.36}}],Darker[Gray,0.3],Dashed, Line[{{0,0},{2.5,0.32}}],Purple,Dashed, Line[{{0,0},{2.5,0.28}}],Green,Das
hed,Line[{{0, 0},{2.5,0.25}}],Red,Dashed,Line[{{0,0},{2.5,0.23}}],Blue,Dashed,Line[{{0,0},{2.5,0.21}}],
Which[a==1,{Darker[Red,0.3], Thickness[0.015],Line[{{0,0},{2.5, stp[a]}}],PointSize->Large,Black,
Point[{l,1}],Inset[Style[Row[{"&min","(",1,")","="

L, "A"}], Black, Bold, 12],{0.8,2.2}]}, a==2,{Darker[Yellow,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,I/2}],Inset[Style[Row[{"Emin","(",1,")","="

/2, "A"}], Black, Bold, 12],{0.8,2.2}]},a==3, {Darker[Green,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,I/3}],Inset[Style[Row[{"&min"," ("] ,")","="

/3, "A"}, Black, Bold, 12],{0.8,2.2}]},a==4, {Darker[Blue,0.6], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,1/4}],Inset[Style[Row[{"Smin","(",1,")","="
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/4, "A"}], Black, Bold, 12],{0.8,2.2}]}, a==5, {Darker[Purple,0.3], Thickness[0.015],Line[{{0,0}{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,I/5}],Inset[Style[Row[{"Smin"," ("] ,")","="

/5, "A"}], Black, Bold, 12],{0.8,2.2}]}, a==6, {Darker[Pink,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,1/6}],Inset[Style[Row[{"Smin","(",1,")","="

,I/6, "A"})], Black, Bold, 12],{0.8,2.2}]}, a==7, {Darker[Brown,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,I/7}],Inset[Style[Row[{"Smin","(",1,")","="

/7, "A"}], Black, Bold, 12],{0.8,2.2}]}, a==8, {Darker[Gray,0.3], Thickness[0.015],Line[{{0,0},{2.5,
stp[a]}}],PointSize->Large,Black, Point[{l,I/8}],Inset[Style[Row[{"Smin","(",],")","="

,1/8, "A"}], Black, Bold, 12],{0.8,2.2}]}, a==9, {Purple, Thickness[0.015],Line[{{0,0}{2.5, stp[a]}}],PointSize-
>Large,Black, Point[{l,l/9}],Inset[Style[Row[{"6mn"," ("] ,")","="

/9, "A"}], Black, Bold, 12],{0.8,2.2}]}, a==10, {Green, Thickness[0.02],Line[{{0,0},{2.5, stp[a]}}],PointSize-
>Large,Black, Point[{l,1/10}],Inset[Style[Row[{"&min","(",I ,")", "="

,1/10," A"}, Black, Bold, 12],{0.8,2.2}]}, a==11, {Red, Thickness[0.015],Line[{{0,0},{2.5, stp[a]}}],PointSize-
>Large,Black, Point[{l,I/11}],Inset[Style[Row[{"&min","(",I ,")", "="

,I/11, "A"}], Black, Bold, 12],{0.8,2.2}]}, a==12, {Blue, Thickness[0.015],Line[{{0,0},{2.5, stp[a]}}],PointSize-
>Large,Black, Point[{l,l/12}],Inset[Style[Row[{"&min","(",I ,")", "="

/12, "A"}], Black, Bold, 12],{0.8,2.2}]}]}, PlotRange->{{0,2.7},{0,2.7}}, ImageSize-
>Medium,ImagePadding->40,Frame->{{True, True},{True, True}},FramelLabel-
>{{Text[Style["Smn[A]", Darker[Red,0.3],10,Bold]],
" {Text[Style["Width[A]", Darker[Red,0.3],10,Bold]], Text[Style[" Minimum distance between two adjacent
points ",Darker[Red,0.3],Bold,14]]}}, RotateLabel->True,FrameStyle->Directive[Black,Bold,10],FrameTicks-
>{{All, None},{All, None}}]},Center],{{l,1.0,"Potential wall width [A]" },1.0,2.5,0.01,Appearance-> "Labeled"},
{{a,1,"Quantum number, n"},1,12,1, Appearance-> "Labeled"},ControlPlacement->Top]
TabView[{Dynamic@tab["Stationary states",1,i]->pp1,Dynamic@tab["Probability density",2,i]-
>pp2},Dynamic@i,Background->White]

5. Programski kod za dvodimenzionalni slucaj

hbar:= ((6.626*10*)/(2 )) (*reduced Planck's constant*)

const:= /(2 9.11*10°1*1.6*10%°) *10%° (*constant*)

Z[x_,y_,nx_ny_,ax_by ]:=2/Naxby Sin[(nx it x)/ax] Sin[(ny it y)/by] (*stationary states*)
nlx_y_,nx_,ny_,ax_by ]:=4/(ax by) Sin[(nx 1t x)/ax]Sin[(nx it x)/ax]Sin[(ny 1T y)/by]Sin[(ny 1t
y)/by](*probability density*)

Xenergy[nx_,ax_]:=(nx/ax)? (hbar)? const (*energy levels for x-axis*)

Yenergy[ny_,by_]:=(ny/by)? (hbar)? const (*energy levels for y-axis*)
engxy[nx_,ny_,ax_,by_]:=((nx/ax)? +(ny/by)?) (hbar)? const (*energy levels for x-axis and y-axis*)
Xbenergy[ax_]:=(1/ax)? (hbar)? const (*basic state energy for x-axis*)

Ybenergy[by ]:=(1/by)? (hbar)? const (*basic state energy for y-axis*)

(*choices color background*)

i=1;
tab[text_,pos_Integer,sel_Integer]:=Pane[text,ImageMargins->-11,FrameMargins->12,ImageSize-
>Medium ,BaseStyle->If[pos===sel,{Background->Darker[Darker[Blue,0.5],0.3],FontWeight->Bold,
FontColor->White},{Background->White,FontWeight->Bold,FontColor->Darker[Blue,0.5]}]]

(*plot stationary states*)
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pp3:=Manipulate[Column[{Row[{Plot3D[{[x,y,nx,ny,ax,by], {x,0,ax},{y,0,by}, PlotRange->Full,
ColorFunction->"BlueGreenYellow", AxesStyle->Directive[Black,Bold,12],BoxStyle->Directive[Thick,
Gray, Thickness[0.01]],AxesLabel->{Text[Style["x [A]" Darker[Blue,0.5],10,Bold]], Text[Style["y
[A]" Darker[Blue,0.5],10,Bold]], Null}, ImageSize->Medium, ImageMargins->10, ImagePadding-
>20],Grid[{{ContourPlot[{[x,y,nx,ny,ax,by],{x,0,ax},{y,0,by} PlotLegends->Automatic, ColorFunction-
>"BlueGreenYellow",Frame->True,ImageSize->Medium,FrameStyle-
>Directive[Black,Bold,10],FramelLabel->{{Text[Style["y [A]" Darker[Blue,0.5],10,Bold]],""
}{Text[Style["x [/f]”,Darker[BIue,O.S],lO,Bold]],Ster[Row[{ "Contours of ","ny" ,"=", nx, "and ","n,"
,"=",ny, " wavefunction "," "nny}], Darker[Blue,0.5], Bold, 14]}}]}}, Alignment-
>Right]}],Row[{BarChart[{Xenergy[nx,ax],Yenergy[ny,by],engxy[nx,ny,ax,by]},ChartLabels-
>{Style[Row[{"E"nx }], Darker[Blue,0.5], Bold, 14],Style[Row[{"E",,}], Darker[Blue,0.5], Bold,
14],Style[Row[{"E"nx, ny}], Darker[Blue,0.5], Bold, 14]},ChartStyle->"DarkRainbow",Frame-
>True,FrameStyle->Directive[Black,Bold,10],ChartLegends->{Style[Row[{" E"\x ,"=

" Xenergy[nx,ax], "eV" }], Darker[Blue,0.5], Bold, 10],Style[Row[{" E",, ,"=

" ,Yenergy[ny,by], "eV" }], Darker[Blue,0.5], Bold, 10],Style[Row[{" E"nxny ,"=

" engxy[nx,ny,ax,by], "eV" }], Darker[Blue,0.5], Bold, 10]},FramelLabel-
>{{Text[Style["eV" Darker[Blue,0.5],10,Bold]],""},{"" Text[Style["Energy
Value" Darker[Blue,0.5],14,Bold]]}},ImageSize->Medium]}]}],{{ax,1.0,"Potential wall width in the
direction of the x-axis [4]" }1.0,2.0,0. 025,Appearance-> "Labeled"} {{by,1.0,"Potential wall width in
the direction of the y-axis [4]" }1.0,2.0,0. 025,Appearance-> "Labeled"}, {{nx,1,"Quantum number,
ny"},1,12,1, Appearance-> "Labeled"},{{ny,1,"Quantum number, n,"},1,12,1, Appearance->
"Labeled"}, ControlPlacement->Top]

(*plot probability density*)
pp4:=Manipulate[Column[{Row[{Plot3D[n[x,y,nx,ny,ax,by], {x,0,ax},{y,0,by}, PlotRange->Full,
ColorFunction->"Rainbow", AxesStyle->Directive[Black,Bold,12],BoxStyle->Directive[Thick, Gray,
Thickness[0.01]],AxesLabel->{Text[Style["x [A]" Darker[Blue,0.5],10,Bold]], Text[Style["y
[A]" Darker[Blue,0.5],10,Bold]], Null}, ImageSize->Medium, ImageMargins->10, ImagePadding-
>20],Grid[{{ContourPlot[n[x,y,nx,ny,ax,by],{x,0,ax},{y,0,by},PlotLegends->Automatic, ColorFunction-
>"Rainbow",Frame->True,ImageSize->Medium,FrameStyle->Directive[Black,Bold, 10],FrameLabel-
>{{Text[Style["y [A]" Darker[Blue,0.5],10,Bold]],"" } { Text[Style["x
[A4] " Darker[Blue,0.5],10,Bold]],Style[Row[{"Contours of ","nx" ,"=", nx, "and ","n," ,"=", ny , "
wavefunction """ n ny}], Darker[Blue,0.5], Bold, 14]}}]}{Style[Row[{"Sminx = ", ax/nx, " A"},
Darker[Blue,0.5], Bold, 16]},{Style[Row[{"6miny =", by/ny, " A" }], Darker[Blue,0.5], Bold,
16]}}, Alignment-
>Right]}],Row[{BarChart[{Xenergy[nx,ax],Yenergy[ny,by],engxy[nx,ny,ax,by]},ChartLabels-
>{Style[Row[{"E"nx }], Darker[Blue,0.5], Bold, 14],Style[Row[{"E",,}], Darker[Blue,0.5], Bold,
14],Style[Row[{"E"x, ny}], Darker[Blue,0.5], Bold, 14]},ChartStyle->"DarkRainbow",Frame-
>True,FrameStyle->Directive[Black,Bold,10],ChartLegends->{Style[Row[{" E"nx ,"=

" Xenergy[nx,ax], "eV" }], Darker[Blue,0.5], Bold, 10],Style[Row[{" E",, ,"=

" ,Yenergy[ny,by], "eV" }], Darker[Blue,0.5], Bold, 10],Style[Row[{" E"nxny ,"=

" engxy[nx,ny,ax,by], "eV" }], Darker[Blue,0.5], Bold, 10]},Framelabel-
>{{Text[Style["eV" Darker[Blue,0.5],10,Bold]],""},{"" Text[Style["Energy
Value" Darker[Blue,0.5],14,Bold]]}},ImageSize->Medium]}]}],{{ax,1.0,"Potential wall width in the
direction of the x-axis [4]" }1.0,2.0,0. 025,Appearance-> "Labeled"} {{by,1.0,"Potential wall width in
the direction of the y-axis [4]" }1.0,2.0,0. 025,Appearance-> "Labeled"}, {{nx,1,"Quantum number,
ny"},1,12,1, Appearance-> "Labeled"},{{ny,1,"Quantum number, n,"},1,12,1, Appearance->
“Labeled"}, ControlPlacement->Top]
TabView[{Dynamic@tab["Stationary states", 1,i]->pp3,Dynamic@tab["Probability density",2,i]-
>pp4},Dynamic@i,Background->White]
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6. Zakljucak

Poznavanjem fundamentalnih pojmova iz kvantne mehanike kreirali smo aplete koje ¢e
studenti mo¢i slobodno koristiti u svrhu razumijevanja gradiva koje je sadrzano u kolegiju Uvod
u kvantu mehaniku. Takoder, poznavanjem osnovnih naredbi i instrukcija u Wolframovome
matematickome paketu studenti ¢e sami mo¢i kreirati aplete koji ¢e im pomo¢i u daljnjem
obrazovanju. Svrha kreiranja apleta je prvenstveno edukativne naravi. Posto kvantna
matematika rabi matematicki formalizam, brojim studentima je tesko vizualizirati rjeSenja
kvantno-mehanickih jednadzbi te statisticki obraditi dobivene rezultati Sto ¢e sada moc¢i uz

pomo¢ kreiranih apleta.
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